Abstract: The Mordell-Weil group of an elliptically fibered Calabi-Yau threefold X contains information about the abelian sector of the six-dimensional theory obtained by compactifying F-theory on X. After examining features of the abelian anomaly coefficient matrix and U (1) charge quantization conditions of general F-theory vacua, we study CalabiYau threefolds with Mordell-Weil rank-one as a first step towards understanding the features of the Mordell-Weil group of threefolds in more detail. In particular, we generate an interesting class of F-theory models with U (1) gauge symmetry that have matter with both charges 1 and 2. The anomaly equations -which relate the Néron-Tate height of a section to intersection numbers between the section and fibral rational curves of the manifoldserve as an important tool in our analysis.
Introduction and Summary
The abelian sector of F-theory backgrounds is interesting from at least two different points of view. From the point of view of F-theory phenomenology, understanding how to protect and break various U (1)'s in F-theory model building is essential to constructing models with desired properties. 1 Meanwhile, from the point of view of addressing the question of 6D string universality [7] , a systematic understanding of what one could get in string theory -especially F-theory -is crucial. Such an understanding of the abelian sector of F-theory has yet to be gained. In this note, we approach abelian gauge symmetry from the latter viewpoint.
The six-dimensional string universality conjecture is the conjecture that all "consistent" six-dimensional supergravity theories with minimal supersymmetry 2 are embeddable in string theory [7] . Much progress has been made on verifying this conjecture by focusing on theories with non-abelian gauge symmetry [8] [9] [10] [11] . Much more, however, needs to be understood upon introducing abelian gauge symmetry to the picture [12] .
In particular, it is not well understood what kind of U (1) charges are allowed in Ftheory. A simple version of the problem is to ask what kind of charges are allowed for the matter of a six-dimensional F-theory background whose gauge group is given by G = U (1). We currently do not know the answer even to this seemingly innocent problem. In this note, we take some first steps towards improving the current status.
1. We explicitly compute the height pairing matrix of a given set of Mordell-Weil generators and discuss their properties for general Calabi-Yau threefolds.
• In particular, the self-height pairing of the Mordell-Weil generatorŝ of a CalabiYau threefold fibered over P 2 with Mordell-Weil rank-one is parameterized by a single non-negative integer n, in the absence of enhanced non-abelian gauge symmetry. A bound on this number n would serve as an analogue of the Kodaira bound for these theories. 5 2. Using anomalies, we show that when one assumes that the charge of the matter is either 1 or 2 there are only nine distinct possible theories each with n = 0, · · · , 8.
3. We explicitly construct seven of these nine theories, namely theories with n = 0, · · · , 6.
The structure of this note is as the following. We first review six-dimensional F-theory backgrounds in section 2. We then compute the abelian anomaly coefficients of an F-theory background after reviewing how to extract information of the abelian sector of F-theory models from the geometry in section 3, i.e., we arrive at result (1) . In particular, we show how the analysis simplifies in the case of pure abelian theories with no tensor multiplets. In section 4, we show how the charge is restricted in the case of pure abelian models with no tensor multiplets when the anomaly coefficient is given. In particular, we reach result (2) in this section. We construct specific models with Mordell-Weil rank 1 in more detail in section 5, i.e., we arrive at result (3) . We sketch questions and future directions in section 6.
Review of Six-Dimensional Supergravity Theories
We review relevant facts about six-dimensional (1, 0) supergravity theories and F-theory backgrounds in this section. We also explain why the Kodaira condition restricts the charged matter structure for the non-abelian sector of F-theory models briefly. The presentation of this section is rather condensed. Further details can be found in [12, 15] .
The low-energy data of six-dimensional supergravity theories can be parameterized by its massless spectrum S, anomaly coefficients {b} and a "modulus" j. The massless particles come in BPS multiplets of the (1, 0) supersymmetry algebra given in table 1. The massless spectrum S is specified by the number of tensor multiplets T , the (global) gauge group
5 It is worth pointing out that only a finite number of values of n could possibly occur among elliptic
Calabi-Yau threefolds with Mordell-Weil rank-one, although we have no way to calculate the maximum value. This is because it is known that elliptic Calabi-Yau threefolds form only finitely many algebraic families [30] [31] [32] , and in each family with Mordell-Weil rank-one, the value of n is constant.
Multiplet Field Content Gravity (g µν , ψ + µ , B + µν ) Tensor (φ, χ − , B − µν ) Vector (A µ , λ + ) Hyper (4ϕ, ψ − ) Table 1 : Six-dimensional (1,0) supersymmetry multiplets. The signs on the fermions indicate the chirality. The signs on antisymmetric tensors indicate self-duality/anti-self-duality.
-where G κ are simple non-abelian gauge group factors -and the matter representation of the hypermultiplets. V A denotes the number of abelian gauge group factors. There is one gravity multiplet in the theory. The anomaly coefficients {b} are a set of SO(1, T ) vectors. To each non-abelian gauge group factor G κ , there is an SO(1, T ) vector b κ associated to it, which we call the "anomaly coefficient of G κ ." For the abelian sector, there is an associated V A × V A matrix b ij whose components are also SO(1, T ) vectors. We call this matrix the "abelian anomaly coefficient matrix." Abelian vector fields are defined only up to linear transformations. Imposing charge minimality constraints on the abelian gauge symmetry, the abelian gauge fields are defined up to SL(V A , Z) -it follows that b ij transforms as a bilinear under this SL(V A , Z). There also exists a gravitational anomaly coefficient a that is needed to cancel the gravitational/mixed anomalies of the theory.
These six-dimensional theories must satisfy generalized Green-Schwarz anomaly cancellation conditions [33] [34] [35] [36] [37] [38] . These anomaly cancellation conditions come from imposing that the eight-dimensional anomaly polynomial -computed by adding the contribution of all the chiral fields of the theory [39] [40] [41] -should factor into the form
where the norm is taken with respect to an SO(1, T ) metric Ω αβ . λ κ is the Dynkin index of the fundamental representation of G κ . The explicit form of the anomaly equations have been written out, for example, in [10, 12, 15, 42, 43] and we do not reproduce them here. The anomaly coefficients, along with the modulus j determine important terms in the low-energy effective Lagrangian. The modulus j is a unit SO(1, T ) vector parametrizing the vacuum expectation value of the T scalar fields in the tensor multiplets. In particular, they determine the kinetic terms for the gauge fields
and the Green-Schwarz term
where the self-dual and anti-self-dual tensors are organized into an SO(1, T ) vector and the inner-product is taken with respect to Ω αβ .
A six-dimensional (1, 0) supergravity theory can be obtained by compactifying F-theory on an elliptically fibered Calabi-Yau threefoldX with a section 6 . The anomaly coefficients have a nice interpretation in terms of the geometry ofX. In particular, the SO(1, T ) lattice on which the anomaly coefficients live is the H 2 homology lattice of the base B of the fibration. The base B of the fibration must be a rational surface with h 1,1 (B) = T + 1. The anomaly coefficients turn out to be curves -i.e., divisors -on the base which are represented by vectors in the homology lattice H 2 (B). In particular, the gravitational anomaly coefficient a corresponds to the canonical divisor while the coefficient b κ corresponds to the degeneration locus of the fiber that yields the G κ gauge symmetry [9, 10, 13, 14, 44] .
The abelian anomaly coefficients can be obtained in the following way. Each abelian gauge field corresponds to a generator of the Mordell-Weil group of the elliptic fibration. The Mordell-Weil group is the group of rational sections of the fibration, and is generated by a finite basis. The basis is defined up to SL(V A , Z), which is precisely the group of redefinitions on U (1)'s preserving charge minimality. Denoting the the basis elements of the Mordell-Weil group {ŝ 1 , · · · ,ŝ V A }, the abelian anomaly coefficients are given by
Some explanation of notation is due. σ is a map from the Mordell-Weil group to H 4 (X) defined by Shioda in [45] , which we refer to as the Shioda map. We explain this map in more detail in the subsequent section, but mention here that it is a homomorphism from the Mordell-Weil group to the homology group H 4 . In other words, the group action -or addition -of sections carry over to into addition of the homology class of the corresponding sections under the Shioda map [45, 46] . The dot product is the intersection product in the manifold X. π(C) is defined as the projection of a curve C to the base B.
At the operational level, if we denote by B α the pullback of the generators H α of the base homology by the projection map, π is defined by
Here the α indices are vector indices of the base homology lattice. They are raised and lowered by the metric
where the intersection product is taken within the base manifold in this equation.
In order for the fibration to be Calabi-Yau, the Kodaira equality
must hold for some effective divisor Y , where ν κ are coefficients associated to the reducible fiber at b κ . Numerical values for ν κ can be found in, for example, [13] . The Kodaira equality can also be thought of as a bound 9) i.e., it bounds the anomaly coefficients in a given base above by −12a. When there are hypermultiplets of representations with large charges 7 under the gauge group G κ , the values b κ · b κ , b κ · b λ and a · b κ become large. The Kodaira bound therefore restricts the representations allowed in F-theory models by bounding b κ . Such restrictions placed by the Kodaira bound have been explicitly demonstrated in the case of T = 0 models in [11] . Meanwhile, an analogous constraint on the abelian anomaly coefficient has yet to be found. Such a constraint would also restrict the allowed charge of matter in F-theory models. For example, by anomaly cancellation,
where x q is the number of hypermultiplets with charge q under U (1) i . A bound on b ii would restrict the charges hypermultiplets can have, given that there is a unit of quantization of the U (1) charges. We explore such restrictions further in section 4.
The Abelian Sector of F-theory Vacua
In this section, we review how to extract data on the abelian sector of F-theory vacua and examine the special case of T = 0 backgrounds with gauge group U (1) in detail. In section 3.1, we give a general overview of the Mordell-Weil group of an elliptically fibered CalabiYau threefold and its relation to the abelian sector of the corresponding six-dimensional F-theory background. We specialize to F-theory backgrounds with T = 0 and gauge group U (1) in section 3.2.
The Mordell-Weil Group and the Abelian Sector of F-theory
In this section, we review relevant facts about the Mordell-Weil group of elliptic fibrations and its relation to the abelian sector of F-theory backgrounds. A more thorough description of the process of extracting the physical data of six-dimensional F-theory backgrounds can be found in [15, 47] . More information on elliptic curves and the Mordell-Weil group can be found in standard introductory texts on the subject, such as [48] . Six-dimensional F-theory compactifications are defined for elliptically fibered CalabiYau threefolds with a section. Let us denote such a smooth elliptic fibration byX and its base manifold by B. Such manifolds have a Weierstrass representation
f and g are holomorphic sections of the line bundles −4K and −6K respectively, where K is the canonical class of the base manifold. 8 Hence the Calabi-Yau threefold can be thought of as an elliptic curve over a function field. Given an elliptic curve over a field 7 By representations of "large charge" we mean representations whose components have large charges under the Cartan generators of the Lie group. 8 X is an algebraic variety birationally equivalent toX which in general is singular.X can be obtained from X by blowing up its singularities. Although X may have more than one Calabi-Yau resolution, the physics in the F-theory limit is independent of the choice. In certain cases, some aspects of the matter with a choice of a "zero point" there is an abelian group operation -which we denote by "[+]" -on the points of the elliptic curve. This operation is defined in appendix A. The rational sections of the fibration can be thought of as rational points on the elliptic curve over the function field of the base B. As elaborated in appendix A, these points form an abelian group under [+] . This group is called the Mordell-Weil group of the elliptic curve.
The Mordell-Weil theorem states that this group is finitely generated. (Unfortunately, the proof does not provide an algorithm for computing it!) Any finitely generated abelian group can be written in the form
where G is the torsion subgroup. Let us denote by {ŝ 1 , · · · ,ŝ V A } a set of rational sections that generate the non-torsion part of the Mordell-Weil group, i.e., a "basis" of the Mordell-Weil group. As mentioned in the previous section, this basis is defined up to linear redefinitions SL(V A , Z). V A is called the Mordell-Weil rank. Let us denote the homology classes of the sections {ŝ 1 , · · · ,ŝ V A } -which are fourcycles within the threefold -by {Ŝ 1 , · · · ,Ŝ V A }. In fact, we frequently denote a rational section by a hatted lower-case roman letter and its homology class by the corresponding hatted upper-case letter throughout this note. The Shioda-Tate-Wazir theorem [49] states that {Ŝ 1 , · · · ,Ŝ V A } along with the zero section Z, the vertical divisors B α and the "fibral divisors" T κ,I generate the homology group H 4 (X). The fibral divisors ofX are topologically rational curves fibered over codimension-one loci b κ of the base.
The structure of the fibral divisors determine the non-abelian gauge group and anomaly coefficients. Each non-abelian gauge group G κ is associated to a curve/divisor b κ in the base manifold where the fiber becomes degenerate. The irreducible components of the degenerate fibers are generated by a set of rational curves α κ,I that correspond to the simple roots of the Lie algebra G κ . Any rational curve that is a fiber component along b κ can be written as a linear combination of α κ,I -these rational curves correspond to the positive roots of the Lie algebra G κ . The fibral divisors T κ,I are obtained by fibering these rational curves α κ,I over the locus b κ . The monodromy invariant fiber of T κ,I , which we denote by γ κ,I -can consist of multiple rational curves.
Let us digress briefly to describe degenerate fibers of the manifold. The rational curve components of degenerate fibers shrink in the "F-theory limit" and contribute massless vector and hypermultiplets to the six-dimensional spectrum. This is equivalent to saying that these rational curves satisfy
We call the fibral rational curves -rational curves that are components of a degenerate fiber -that are fibered over some curve in the base b κ , "fibered" (fibral) rational curves.
representation -which comes from codimension-two singularities in the base -may be ambiguous (for example, the sign of the charges of certain fields may depend on the resolution) but the overall matter representation is free from ambiguity. More discussion on resolving codimension-two singularities of elliptically fibered manifolds can be found in [50] [51] [52] [53] [54] .
Each fibered rational curve contributes two vector multiplets and 2g hypermultiplets to the massless spectrum, where g is the genus of the curve the rational curve is fibered over. There can be other fibral rational curves that are isolated at codimension-two loci in the base. We call these "isolated" (fibral) rational curves. Each of these curves contribute a hypermultiplet to the six-dimensional spectrum. For obvious reasons, we use the term "fibral rational curves" and "shrinking rational curves" interchangeably. Now we are in a position to define the Shioda map σ. For a rational sectionŝ, let S ∈ H 4 (X) be its homology class. Then
Here K α are the coordinates of the canonical class of the base, while C κ is the Cartan matrix of the Lie algebra G κ defined by
where α I are the simple roots of G κ . There is a one-to-one correspondence between the abelian vector fields {A 1 , · · · , A V A } and the four-cycles {σ(ŝ 1 ), · · · , σ(ŝ V A )}. For convenience we say that A i is "dual to" σ(ŝ i ). 9 The anomaly coefficient matrix is given by
where π is the projection to the H 2 (B) homology lattice of the base. As we elaborate shortly, this is the generalized Néron-Tate height pairing for elliptically fibered threefolds, and b ij constitutes the height pairing matrix of the elliptic fibration. Let us briefly review the mathematical significance of the Shioda map. For elliptically fibered Calabi-Yau threefolds, there is a natural inner-product on two elements S, S ′ of H 4 (X, Z) ∼ = H 2,2 (X) with values in H 2 (B) [49] . It is, in fact, given by
The Shioda map σ is the map from the Mordell-Weil group to the orthogonal complement of the space spanned by the zero section Z, the vertical divisors B α and the fibral divisors T κ,I under this inner-product. In other words,
for any sectionŝ and an element C which is an element of the subspace of H 4 (X) spanned by Z, B α and T I,κ . Following [46] , let us denote this subspace by "T ." Using the fact that 9 This duality is physical in the following sense. Each six-dimensional abelian vector field, when KKreduced to five dimensions, is still an abelian vector field. Each vector field of the five-dimensional theory, due to M-theory/F-theory duality, is obtained by KK-reducing the M-theory three-form along a harmonic two-form in the manifoldX. The Ai field when KK-reduced is obtained in the M-theory dual by KKreducing the 11D three-form along a harmonic two-form that is Poincaré dual to the four-cycle σ(ŝi).
σ(ŝ) is a projection of the homology class ofŝ to H 4 (X)/T , it can be shown that σ is a homomorphism from the Mordell-Weil group to the homology lattice [45, 46, 49] , i.e.,
where the addition on the right-hand-side is the addition defined for the homology group. Then, the inner-product
is the Néron-Tate height pairing of rational sections of the elliptic fibration.
As mentioned previously, each abelian vector field A i is dual to σ(ŝ i ). Also, each element of the Cartan of the non-abelian gauge group A κ,I is dual to the fibral divisors T κ,I in the same sense. A multiplet coming from a fibral rational curve c has charge S · c under the Cartan vector field dual to a four-cycle S.
By construction σ(ŝ i ) · c = 0 for any fibered rational curve c, and therefore no vector multiplet is charged under the abelian vector fields A i , as desired. Hence only hypermultiplets coming from isolated rational curves are charged under the abelian vector fields. For any isolated rational curve c, the hypermultiplet corresponding to it has charge
under A i . Since the intersection numbers (Ŝ i · c) and (T κ,J · c) are integral, we see that the unit charge of the abelian vector field A i is given by the inverse of the least common multiple of {det(C κ )}, where κ runs over the gauge groups for which α I,κ ·Ŝ i = 0 for some root α I,κ . In particular, when c ·Ŝ i = 0 for all fibered rational curves c, the charges of the matter under the abelian vector fields are integral. Let us end this section by computing the abelian anomaly coefficient matrix and examining its properties. The anomaly coefficient matrix can be written as
n i is the locus along which section S i intersects the zero section, i.e.,
K is the canonical class of the base manifold. The matrix R κ is the normalized root matrix of Lie group G κ
where α, α max is the length of the longest root of the Lie group. We have used the following equalities in arriving at (3.12):
The first of these equations follow from the adjunction formula, and the Calabi-Yau condition -by these two facts, the canonical class of Z is given by the restriction of the divisor class Z to itself, and hence
since Z is topologically just the base manifold. The intersection products in the second and third terms are taken in the base manifold Z. Such a relation actually holds for any sectionŜ, i.e.,
In general,Ŝ is topologically a manifold obtained by blowing up points on the base manifold B. Its H α components, however, coincide with those of the canonical class of the base manifold. Therefore
R κ is clearly a positive-definite matrix and since b κ is effective, it can be further seen that
T = 0 Theories with Gauge Group U (1)
In this section, we specialize to F-theory backgrounds with T = 0 and gauge group U (1) and examine the abelian sector. The abelian charges in this case turn out to be quantized to be integers. Also, the abelian anomaly coefficient is parametrized by a single integer n.
Six-dimensional T = 0 theories are obtained by F-theory compactifications on an elliptically fibered Calabi-Yau manifold over P 2 . As h 1,1 (P 2 ) = 1, H 2 (B) is generated by the hyperplane class H. There is only one vertical divisor, B, obtained by pulling back the hyperplane class with respect to the projection map. As the homology lattice of the base is one-dimensional, the anomaly coefficients of the theory -being vectors in this lattice -are numbers.
If we restrict our attention to theories with gauge group U (1), the situation simplifies further. The H 4 (X) lattice is generated by the zero section Z, the vertical divisor B, and S ≡ σ(ŝ) whereŝ is the generator of the Mordell-Weil group. All the fibral rational curves are isolated. It is clear that the unit charge for the abelian vector field is 1 by the discussion in the last subsection, as there are no fibral divisors.
The Shioda map simplifies to
for any rational sectionŝ ′ .Ŝ ′ is the homology class ofŝ ′ . We have used
which follows from the adjunction formula and the fact that the canonical class of the base is given by K = −3H.
The Weierstrass model for this elliptic fibration is given by
where F 12 and G 18 are holomorphic sections of 12H and 18H. 10 The Mordell-Weil generator s must have the formŝ
for mutually relatively prime polynomials f 2n+6 , f 3n+9 and f n . 11 f k are polynomials of degree k with respect to the P 2 coordinates. Then it is clear that the intersection of this section with Z is at nH, i.e.,Ŝ
The Shioda map maps the section to
The abelian anomaly coefficient matrix has the single component
Therefore the anomaly coefficient is determined by a single number n, which parametrizes the degree of the curve on whichŝ intersects the zero-section.
As mentioned earlier, all the fibral curves are isolated. Each isolated rational curve c corresponds to a hypermultiplet of the six-dimensional theory. The charge of the hypermultiplet under the abelian gauge group is given by the intersection number
As mentioned at various points in this note, understanding the bounds on b is crucial in understanding what kind of charges are allowed in F-theory. For F-theory backgrounds with T = 0 and gauge group U (1), we have shown that the charges are integral and that b = 2(n + 3) when the generator of the Mordell-Weil group is of the form
Therefore the interesting question is what the bound on the integer n is. Such a bound would play -in U (1) theories -the role the Kodaira bound plays in restricting nonabelian theories. We note that given any elliptically fibered Calabi-Yau manifold of Mordell-Weil rank ≥ 1, there exists a section with arbitrarily large self-height pairing, which can be obtained 10 At the operational level, this means that F12 and G18 are homogeneous polynomials of degrees 12 and 18 with respect to the projective coordinates of P 2 . 11 By "mutually relatively prime" we mean that there does not exist a polynomial b of degree ≥ 1 such that b|fn, b 2 |f2n+6 and b 3 |f3n+9. Anytime we write a section in this projective form, we assume that the three projective components are "mutually relatively prime" in this sense.
by adding a given rational section many times. Let us demonstrate this fact. Given any sectionŝ
and its homology classŜ ′ , one can show that the homology classŜ ′ m of mŝ ′ is given bŷ
To show this, one begins with the fact that
and henceŜ
for some z and b. Since mŝ ′ is also a section, its homology classŜ ′ m intersects the fiber class once. Imposing thatŜ ′ m · f = 1 for the fiber class f , one obtains z = (m − 1). Finally imposing the condition thatŜ 33) one arrives at (3.30). Sincê
the section mŝ ′ is of the form
with self-height pairing
The relevant question to ask is what the bound to the height of a Mordell-Weil generator is. We do not know the answer to this question at the present. To address this question, one must first understand how to discern whether a section is a generator or not. We can do this in the case of pure U (1) theories. More precisely put, a sufficient condition for a given section to be a Mordell-Weil generator is that the integral charges of the matter under the dual abelian vector field is mutually relatively prime. 12 In geometric terms, given a sectionŝ ′ , the sectionŝ ′ is a generator of the Mordell-Weil group when the set of intersection numbers of its homology classŜ ′ (or equivalently σ(ŝ ′ )) with the isolated rational curves of the manifold c 1 , · · · , c H are mutually relatively prime. This is because if s ′ = mŝ for someŝ and |m| > 1,Ŝ ′ is given bŷ
whereŜ is the homology class ofŝ. Therefore the intersection numbers ofŜ ′ with the isolated fibral rational curves c 1 , · · · , c H are given by 38) and hence {q I } have m as a common divisor. 12 We expect this to be a necessary condition for a given section to be the generator of the Mordell-Weil group also, based on the charge minimality conjecture for gravity theories. Discussion of charge minimality can be found in [55] [56] [57] [58] .
Anomaly Coefficients and Charge Constraints
In this section, we see how the anomaly coefficient of a U (1) theory with T = 0 constrains the charges of the matter. As seen in the previous sections, for F-theory backgrounds with T = 0 and gauge group U (1), the abelian anomaly coefficient matrix is given by b = 2(n+3) with non-negative integer n. The charges of matter under the given U (1) represented by the Mordell-Weil generator are quantized to be integers. Hence the mixed/gauge anomaly equations are given by
where n c is the number of matter with charge c and m is the maximal charge. The gravitational anomaly bound is given by
It is clear from these equations that
i.e., that when n is large, there must be some matter with charge at least (n + 3)/3. The converse, obviously, does not hold. For example, one could have theories with n < 9 that have matter with charge 3. It is possible to show, however, that when b = 6, the only possible choice of matter content is that there are 108 hypermultiplets of charge 1. It is interesting to classify all the possible theories with only charges 1 and 2. The theories are characterized uniquely by n. This is because the anomaly equations 36(n + 3) = n 1 + 4n 2 (4.5)
are solved by (n 1 , n 2 ) = (4(n + 3)(9 − n), n(n + 3)) .
It is clear that n ≤ 9 and hence b ≤ 24. Let us denote these theories by T n . The n = 9 (b = 24 = 2 2 · 6) theory T 9 has 108 hypermultiplets of charge 2 and no hypermultiplets with charge 1. The correct way to describe this theory is to treat it as a theory with 108 hypermultiplets of charge 1 with b = 6. In other words, this theory is actually equivalent to the n = 0 theory, if one chooses the correctly normalized basis for the U (1) vector field. We therefore see that the range of values allowed for n is given by n = 0, · · · , 8 when we allow only for charges 1 and 2 in the theory. None of these theories violate the gravitational anomaly bound. We construct the theories T n for n = 0, · · · , 6 explicitly in the subsequent section.
U(1) Theories with Charges 1 and 2
In this section, we construct Calabi-Yau threefolds fibered over P 2 that have gauge group U (1) and matter with charges 1 and 2. We are able to construct the examples T n with n = 0, 1, · · · , 6 presented in the previous section. We have, however, not yet been able to construct the other two models with n = 7 and 8.
We first study the rational sections generated by the integral Mordell-Weil section for T 0 and understand their properties in section 5.1. In particular, we observe how a section could intersect a rational curve multiple times by examining the behavior of sections obtained by adding the Mordell-Weil generator multiple times.
In section 5.2, we construct the models T n , n = 0, · · · , 6 and examine their properties. We first discover these models within the context of a general construction of threefolds of Mordell-Weil rank-one, explained in appendix B. We then verify the anomaly coefficients and matter charges of these models using their enhancement to SU (2) models. We conclude with verifying the matter charges by explicitly checking the intersection numbers of the Mordell-Weil generator with the isolated rational curves in the manifold. As expected, there are two classes of isolated rational curves, each contributing charge 1 and 2 hypermultiplets to the six-dimensional spectrum respectively.
T 0
In this section, we study in detail the Calabi-Yau threefoldX 0 that yields the six-dimensional T = 0 supergravity theory with gauge group U (1) and b = 6. We derive the Weierstrass model and work out the resolution that maps the singular model to the smooth manifold. We also identify the Mordell-Weil generator of the fibration and identify the sections obtained by adding the generator multiple times. We end by computing the intersection number between the sections obtained in this way and the isolated rational curves of the manifold.
Recall that the Weierstrass from of a Calabi-Yau threefold fibered over P 2 is given by
as it is a fibration over P 2 . F 12 and G 18 are homogeneous polynomials of degrees 12 and 18 with respect to the projective coordinates of P 2 . As can be seen from section 3.2, the Mordell-Weil generator of an elliptic fibration with b = 6 must be of the form
as 6 = 2(0 + 3), i.e., the Mordell-Weil generator does not intersect the zero section. As before, the subscripts on the polynomials indicate their degree in the P 2 coordinates. The form of the section enables us to write the Weierstrass form as
in local coordinates in the z = 1 chart. The discriminant is given by
The singular points of X 0 are located at
There are 12 × 9 = 108 points satisfying these conditions lying above the 108 points in the base satisfying the latter two equations. Indeed, the Weierstrass equation can be rewritten in the useful form
which makes clear that there are conifold singularities at these points. We can resolve these 108 points by blowing up a codimension-two locus to a single divisor in the ambient space, thereby recovering the smooth manifoldX 0 . This transition can be described by a birational map [14, 59, 60] . In order to explain this birational map, it is useful to represent X 0 andX 0 as hypersurfaces in projective varieties. P[1, 1, 1, 3, 6 ]. We denote the projective coordinates of this manifold by (a, b, c, v, w). 13 Then, the birational map from X 0 toX 0 is given by
We may rewrite (5.3) asX
in these coordinates. This is a generic degree 12 hypersurface in P [1, 1, 1, 3, 6] . It is easy to see that the 108 singularities at (5.5) are blown up into rational curves. The fibers above the 108 loci given by
in the base, are resolved into I 2 fibers
The index I = 1, · · · , 108 labels the loci of the reducible fibers. Each I 2 fiber consists of two rational curves c I + and c I − intersecting at two points. The isolated rational curve obtained by resolving the singularity at each of the points is c I − , while the zero section passes through the curve c I + . The section (5.2) intersects the 108 c I − curves at the point 13 In order to keep track of all the sections properly, one must actually use toric ambient varieties with divisors representing the sections. In this subsection, we proceed with the current presentation for sake of convenience and comment on the loci of sections when necessary. We deal with these issues more carefully in the next subsection. The intersection between the sectionŜ and fiber components.Ŝ intersects a generic fiber at a point. There are 108 loci in the base above which the fiber becomes reducible -in fact, an I 2 fiber. The I 2 fiber consists of two rational curves c + and c − intersecting at two points. The sectionŜ intersects the I 2 fibers at a point on the c − component.
"v = ∞" once. 14 Figure 1 depicts howŜ intersects the fibral curves c I − . Hence we have accounted for all the shrinking rational curves -they are given by c I − and
Therefore the six-dimensional theory has 108 hypermultiplets with unit charge under the U (1) vector field dual to S. This correctly reproduces data of the b = 6 theory. Now let us examine the sections generated by the sectionŝ in this elliptically fibered manifold. We denote the homology class of the section mŝ byŜ m . Through explicit calculation, we write down the following few sections in mutually relatively prime fiber coordinates (x, y, z) of the Weierstrass representation:
. . .
Recall that we have definedf 12 = f 12 + 2f 2 6 . F 54 and F 81 are order 54 and 81 polynomials that we have not written out explicitly. It is satisfying to check that the orders of these polynomials are indeed given bŷ
as predicted by equation (3.35) . SinceŜ · c = σ(ŝ) · c = 1 for the 108 fibral rational curves in the resolved manifold, it follows thatŜ
(5.14)
This implies that a section can have arbitrary intersection numbers with rational curves. Let us verify these intersection numbers for m = −1 and 2 for the rest of this subsection. The example m = 2 turns out to be useful in analyzing models with b > 6. In order to verify the intersection numbers between sections and fibral curves in the resolved manifoldX 0 , it is convenient to view it as a resolution of a determinantal variety:
Here, T and V are projective coordinates of a P 1 . Away from the 108 singular loci, (5.15) is solved by
As the matrix M has rank-one at non-singular points of X 0 , a unique point on P 1 is assigned to every non-singular point of X 0 . Meanwhile, at the 108 singular points (5.5), the matrix M becomes rank zero -the singular point is replaced by the full P 1 parametrized by V /T . In fact, the coordinate v used in the birational map (5.7) is a coordinate on this P 1 :
The coordinate w (5.7) is a linear combination of v 2 and x. For the purpose of computing intersection numbers of fibral curves and sections, it is more convenient to use the local coordinates v and x rather than v and w. The resolved fibral curves c I − sitting above the loci f 9 =f 12 = 0 in the base can be written as c Therefore at the loci f 9 =f 12 = 0 in the base, the locus of the section on the fiber becomes with unrestricted V /T , i.e., it is blown up into c I − . This behavior is depicted in figure 2 . A quick way to compute the intersection numbers between the homology classŜ −1 of the section −ŝ and the fibral curves c I − is the following. Since c I + and c I − intersect at two points,Ŝ for each I = 1, · · · , 108, we find thatŜ 27) which indeed confirms (5.14).
m = 2
Let us consider the section given by 2ŝ : [x, y, z] = f 2 12 − 8f 6 f Therefore the projective coordinates of the P 1 are given by
for points of the section above non-degenerate loci on the base. At the loci where the fiber becomes degenerate (f 9 =f 12 = 0), the section is not well-defined as all the projective coordinates in (5.28) become zero. Therefore one must resolve the section at these loci to treat them correctly in the blown-up manifold. This can be done globally by introducing the P 1 coordinates (P, Q) along the section such that
(5.32)
We note that this resolution of the section does not introduce any new divisor in the ambient space. Rather, it attaches curves to the section within the resolved ambient space to produce a "closure" of the section. As a result, the section 2ŝ is resolved into
at the I 2 loci. This behavior is depicted in figure 3 . For each locus I = 1, · · · , 108, this is precisely the curve c I + by (5.20). Since c I + intersects the curve c I − at exactly two points, and since the sectionŜ 2 is resolved into c I + at each I,
for the fibral curves. This result is consistent with (5.14).
T
In this section, we study the Calabi-Yau threefoldsX n that yield the theories T n with n = 0, · · · , 6. These are six-dimensional T = 0 supergravity theories with gauge group U (1) and b = 2(n + 3). Recall that the matter content of T n is given by 4(n + 3)(9 − n) hypermultiplets with charge 1 and n(n + 3) hypermultiplets with charge 2. We first derive the Weierstrass models X n using a general construction explained in detail in appendix B.
We first check that these manifolds indeed yield T n indirectly by field theory arguments. We then explicitly verify that the F-theory compactification uponX n results in T n by studying the Mordell-Weil generator and its intersection numbers with fibral rational curves. In appendix B it is shown that a Weierstrass model of an elliptic fibration over field K with Mordell-Weil group of rank one is of the form There is a straightforward way of utilizing the equation (5.35) to obtain a class of Weierstrass models of Calabi-Yau threefolds fibered over P 2 with Mordell-Weil rank-one. It is to set
where f and b are polynomials of the base P 2 coordinates whose subscripts denote their degree. The proportionality constants are designated for aesthetic reasons. Under these assignments the Weierstrass form (5.35) becomes
The Mordell-Weil generator of the fibration is given bŷ
in mutually relatively prime projective coordinates. 15 Upon compactifying F-theory on these manifolds, one obtains T = 0 theories with gauge group U (1). From the form of the Mordell-Weil generator, it follows that the anomaly coefficient of the U (1) theory is
as explained in section 3.2. We claim that for each n, the low-energy theory obtained by compactifying F-theory on X n is T n . For the rest of this section, we verify this claim by using field theory arguments (section 5.2.1) and by direct computation of intersection numbers in the resolution of X n (section 5.2.2).
We note that the ansatz (5.38) is valid only for 0 ≤ n ≤ 6 by the explicit form of the Weierstrass model -since there is polynomial of degree f 12−2n , n cannot exceed 6. There is an obvious extension of this ansatz allowing f 12−2n to vanish identically if n > 6, but as we observe in appendix C the Weierstrass model acquires an additional unintended SU (2) gauge factor in the extended ansatz.
Field Theory
A quick way of deriving the low-energy theory of X n is by Higgsing. As commented at the end of appendix B, upon tuning b n → 0, X n becomes
The discriminant locus of this model is given by This theory is an SU (2) theory that has an enhanced gauge group over f 3+n = 0. We have un-Higgsed the U (1) theory to an SU (2) theory by tuning the hypermultiplets by b n → 0. Let us examine the properties of the SU (2) model. The anomaly coefficient of the SU (2) group is (n + 3), and the SU (2) locus in the base has genus (n + 2)(n + 1)/2. Therefore there are (n + 2)(n + 1)/2 adjoint hypermultiplets in the low-energy spectrum of the SU (2) theory. From the discriminant locus (5.42) one finds that there are 2(n+3)(9−n) fundamental hypermultiplets localized at the loci
in the base, where the I 2 fiber enhances to an I 3 fiber. We note that there are not any additional matter localized at f 3+n = 0, f 6 = 0 (5.44)
as the fiber reduces to a type III fiber at these loci. The mixed/gauge anomaly equations are satisfied for this theory:
The U (1) theory given by the manifold X n (5.38) with Mordell-Weil rank-one can be obtained by Higgsing the SU (2) theory in a particular way. There are J ≡ (n + 2)(n + 1)/2 adjoint fields in the SU (2) theory. Turning on these fields (Φ 1 , Φ 2 , · · · , Φ J ) to a generic value will completely break the gauge symmetry while turning them on such that 46) breaks the theory to a U (1) theory. The J = (n + 2)(n + 1)/2 parameters c 1 , · · · , c J are encoded in the (n + 2)(n + 1)/2 coefficients of the polynomial b n . The U (1) theory obtained by Higgsing the adjoint hypermultiplets in this way has 4(n + 3)(9 − n) charge 1 hypermultiplets coming from the fundamental fields and n(n + 3) charge 2 hypermultiplets coming from the adjoint fields. Its anomaly coefficient is twice of that of the SU (2) theory, as the normalized coroot matrix of SU (2) is (2), i.e., 47) which is consistent with (5.40) . This is precisely the theory T n , as claimed. Table 2 : The toric data of the ambient space of manifold X n . a, b and c are the P 2 coordinates, while x, y and z are the fiber coordinates.
Direct Computation
Let us verify that X n yields T n directly from the geometry. We proceed by first resolving X n to a smooth threefoldX n . We then work out the resolution of the section (5.39) under this map and compute its intersection numbers with the fibral rational curves, thereby confirming the charges of the hypermultiplets of the theory.
Let us begin by noting that the Weierstrass model (5.38),
is a hypersurface of a toric variety whose coordinates and C * actions are summarized in table 2 (describing a P (1,2,3) -bundle over P 2 ). The smooth threefoldX n birationally equivalent to X n is given by a hypersurface of a toric variety T n whose data can be summarized by 16 table 3 (describing a bundle over P 2 whose fiber is
The birational map between X n andX n is given by a slight modification of equation (B.18). Let us examine this map in detail. A useful way of describing the map is to identify C * actions of the two toric ambient spaces. We identify C * 1 /C * 2 of table 2 with C * 1 ′ /C * 2 ′ of table 3 respectively. Then the birational map (B.18) can be described in terms of C * the birational map is given by a reparametrized version of (B.18) 17 :
The inverse map is given by 16 We thank Christoph Mayrhofer for assistance in identifying these resolved manifolds. 17 The reparametrization is obtained by replacing w of (B.18) by w − bv 2 . The toric data of the ambient space T n of manifoldX n . a, b and c are the P 2 coordinates. T, U, V and W are the fiber coordinates.
Under this birational map, X n is mapped tô
which is a generic hypersurface in the toric variety T n when n ≤ 6. All the fibral rational curves ofX n are isolated, as there are no fibral divisors. These rational curves are components of I 2 fibers. The fiber degenerates to I 2 fibers at codimensiontwo loci above the base inX n . There are two different types of I 2 loci -charge-two loci and charge-one loci, where isolated rational curves that contribute hypermultiplets of chargetwo and one to the six-dimensional spectrum are localized, respectively. There are n(n + 3) charge-two loci and 4(n + 3)(9 − n) charge-one loci, as we expect from the preceding discussions.
Let us examine the charge-two loci. From the defining equation (5.51) it is easy to see that the fiber degenerates at the n(n + 3) codimension-two loci in the base
At these points, (5.51) becomes
The two rational curves that consist the I 2 fiber are
at each point indexed by ι = 1, · · · , n(n + 3). We call these loci "charge-two loci," as the fibral rational curves χ − sitting above these points contribute hypermultiplets of charge 2 under the U (1). We can see that the degenerate fiber is indeed an I 2 fiber as the two curves χ ι + and χ ι − meet at the two points
To verify that χ − are the fibral curves blown down by the map (5.49), we can plug in b n = 0, f 3+n = 0 to this formula to see that
when T = 0. These are exactly the projective coordinates of the singular point of X n at the charge-two locus b n = 0, f 3+n = 0, as the Weierstrass model reduces to
at these points. Let us verify that the intersection numbers between the Mordell-Weil generator 58) and the isolated rational curves χ ι − at the charge-two loci are indeed given by
Plugging in the Weierstrass coordinates of the section (5.58) into the map (5.50), we find that the section maps to the point
above generic points in the base. The section, however, is not well-defined at the charge-two loci (5.52). As in section 5.1.2, we resolve these points on the section, i.e., we let
where (P, Q) parametrizes a P 1 . By this resolution, the sectionŝ is resolved to the curve χ ι + at the charge-two loci. Therefore, the sectionŝ intersects the curves χ ι − at two points. The I 2 fibers other than the charge-two fibers can be found in the following way. Using the C * 3 ′ invariant coordinates, the equation forX n can be written in the form
where we have set u = 1. The I 2 loci other than the charge-two loci are the codimension-two points in the base where the right-hand-side of this equation factors into
These are the charge-one loci. By equating (5.62) and (5.63) we find that the charge-one loci are given by the points that satisfy that are not charge-two loci. For a genericX n , neither b n nor f 3+n vanishes at a charge-one locus.
Near the charge-one loci, the resolution (B.18) and the section (5.58) exhibit the same behavior as in T 0 , which we have extensively studied in section 5.1. To verify this behavior it proves useful to define
The Weierstrass model X n can be written as
where we have set z = 1. The Mordell-Weil generator (5.58) is given bŷ
Also, the birational map (5.50) can be re-written in the form
The charge-one loci (5.64) are the loci at which From the fact that b n , f n+3 and p 3 are all well-defined and non-zero at the charge-one loci, it is clear that the analysis of section 5.1 can be readily applied to understanding these points.
The singular fibers of X n located above these points are resolved into I 2 fibers that consist of two rational curves:
We have used I to index the charge-one loci. Using the full set of projective coordinates, these curves can be written as
The zero-section,
intersects the curve c I + at a single point, while the Mordell-Weil generator (5.60),
intersects c I − also at a single point. Therefore the isolated rational curve at the charge-one locus I is c I − and its intersection number with the Mordell-Weil generator is indeed given by
It is clear thatŝ is a Mordell-Weil generator, as there exist curves of unit intersection number withŜ. Let us now show that there are 4(n + 3)(9 − n) charge-one loci. To count the number of charge-one loci, one must count the number of points that satisfy (5.64), but at which b n = 0 and f n+3 = 0. To show that there are 4(n + 3)(9 − n) such points, it is enough to show this in the case when
for ǫ that is in a small neighborhood of 0. To do so, let us first rewrite (5.64) as and view these equations as polynomial equations with respect to p 3 . These two equations can have a unique common root When |ǫ| << 1,
(5.80)
At small enough ǫ, for each point satisfying the two equations (5.78) and (5.79), there exists a nearby point satisfying
along with (5.79). Therefore when ǫ lies in a small enough neighborhood of 0, there are (n + 3)(36 − 4n) charge-one loci. We note when the theory is enhanced to an SU (2) theory by taking ǫ → 0, the charge-one loci merge in pairs to the codimension-two points defined by
These are precisely the points above which the fundamental hypermultiplets of the enhanced SU (2) sit.
We have shown that there are two types of isolated fibral rational curves inX nthose localized above charge-two loci and and those localized above charge-one loci in the base. The n(n + 3) charge-two rational curves intersect the Mordell-Weil generatorŜ twice while the 4(n + 3)(9 − n) charge-one rational curves intersectŜ once. We have summarized these facts in figure 4 . The intersection between the sectionŜ and fiber components inX n .Ŝ intersects a generic fiber at a point. There are n(n + 3) charge-two loci and 4(n + 3)(9 − n) charge-one loci in the base above which the fiber degenerates into an I 2 fiber. The fibral curves χ ι − localized above the charge-two loci intersect the sectionŜ twice, while the fibral curves c I − at the charge-one loci intersectŜ once.
Questions and Future Directions
There are a host of questions regarding the Mordell-Weil group of elliptically fibered CalabiYau threefolds that we have not pursued in this note. We conclude by listing some interesting questions -in what we believe is to be the order of increasing difficultly -that could hopefully be addressed in the not-so-distant future.
Models with n = 7, 8
Out of the nine T = 0, U (1) theories with hypermultiplets of charges ≤ 2 allowed by anomaly equations, we have only constructed F-theory models for seven. Although we have not been able to construct the two theories -which we have denoted T 7 and T 8 in section 4 -we expect these theories to be embeddable in F-theory.
This expectation comes from the fact that the U (1) theories T n can be obtained by Higgsing the adjoint hypermultiplets of an SU (2) theory with 2(n + 3)(9 − n) fundamental hypermultiplets and (n + 2)(n + 1)/2 adjoint hypermultiplets. Let us denote the SU (2) theories by T ′ n . The non-abelian theory T ′ n has anomaly coefficient b = 10(b = 11) and 88(97) neutral hypermultiplets for n = 7(n = 8) respectively. We are not aware of any obstruction in embedding these un-Higgsed SU (2) theories into F-theory as they satisfy all the anomaly constraints and also the Kodaira constraint, i.e., b < 18 for both these models. It is on these grounds that we expect T ′ 7,8 -and T 7,8 , which can be obtained from T ′ 7,8 by Higgsing -to be embeddable in F-theory. We have not, however, been able explicitly construct the threefolds that yield T ′ 7,8 , let alone T 7, 8 . The difficulty in constructing these theories originates from the fact that the ring of polynomials with two variables is not a Euclidean ring. This implies that the ansätz (5.38), (5.41) we have used to construct Weierstrass models for T n , T ′ n do not necessarily generalize to all possible n.
It would be interesting to explicitly construct T 7,8 /T ′ 7,8 or prove that they cannot be engineered as F-theory models. It would be intriguing if T ′ 7 or T ′ 8 defies expectations and is shown to be un-embeddable in F-theory. This would imply that the Kodaira constraint is not a sharp enough criterion for discerning whether a non-abelian theory can be embedded in F-theory or not.
Models with General Charges
A natural question to ask in light of the results of this note is whether there exist models with more general charges. We have seen in section 5.1 that a rational section can intersect fibral rational curves with an arbitrary intersection number. Therefore it is sensible to expect that there exist six-dimensional supergravity theories with more general chargescharges greater than 2 -that are embeddable in F-theory.
An efficient strategy of finding F-theory backgrounds with hypermultiplets of charge ≥ 3 might be to first construct SU (2) theories with hypermultiplets in higher-spin representations in addition to adjoints, and then to obtain the U (1) theories by Higgsing its adjoint hypermultiplets. For example, if there exists an SU (2) theory with a hypermultiplet in the representation J = 3/2 along with an adjoint (J = 1,) one can obtain a U (1) theory with hypermultiplets of charge ±3 by Higgsing the adjoint field. It would be interesting to see if one could find all such SU (2) theories at least in the case when T = 0. There is reason to be optimistic about this goal, given recent developments on the space of T = 0 theories such as [11, 61] .
A question that follows is whether there exist U (1) models in F-theory that cannot be enhanced to SU (2). We are not aware of any reason to believe that such models do not exist. If such models exist, however, engineering them is expected to be an algebraic challenge for reasons that could be deduced from the way we have constructed elliptic fibrations with Mordell-Weil rank-one in appendix B. Let us present the argument restricting to the case when T = 0 for sake of simplicity.
It is shown in appendix B that the Mordell-Weil generator of a threefold can be written in the formŝ
in Weierstrass coordinates. If there are enough degrees of freedom in b for it to be tuned to 0, this model can be enhanced to an SU (2) theory, as described at the end of appendix B. This is indeed the case for all the models we have constructed in this note -in fact, b is an arbitrary polynomial of degree n, whose coefficients could all be tuned to zero for the manifolds presented in section 5. Therefore, in order for its low-energy U (1) theory to be "un-enhancable," an elliptically fibered threefold with Mordell-Weil rank-one must be "rigid," in the sense that its complex structure must be fixed at a certain point. Such loci in the F-theory moduli space are difficult to find. It would nevertheless be interesting to identify such models and compare them to what is allowed from anomaly constraints. If the string universality conjecture [7] holds, there should be a correspondence between non-trivial solutions of the U (1) anomaly equations (4.1), (4.2) and these special un-enhancable points in the F-theory moduli space. Whether such a correspondence indeed exists remains to be seen.
A Generalized Kodaira Constraint
We return to the question that initiated our study of models with Mordell-Weil rankone -is there a generalized version of the Kodaira constraint for the abelian sector of six-dimensional F-theory models? In the case of T = 0 F-theory models with gauge group U (1), we have simplified the question. Recall that these models come from compactifying Ftheory on elliptically fibered Calabi-Yau threefolds over P 2 with Mordell-Weil rank-one and no fibral divisors. The Néron-Tate height of a rational section of such a manifold is given by a number. The analogue of the Kodaira condition in this case would be a bound on the Néron-Tate height of the generator of the Mordell-Weil group. From arguments presented in the introduction, such a bound should indeed exist -it would be very interesting to find what that bound is.
In the event that such a bound on the height of the Mordell-Weil generator is attained, it would be interesting to see how it is modified in more general situations. For example, this bound might be modified when there is non-abelian gauge symmetry. Also, when the Mordell-Weil rank is larger than one -i.e., when there are multiple U (1)'s -such a bound is expected to generalize to a constraint on the height-pairing matrix of the basis of the Mordell-Weil group. We can further generalize to theories with T > 0 -i.e., when the base of the elliptic fibration is a general rational surface rather than a P 2 [62] [63] [64] . In this case, the height pairing of rational sections become divisors in the base, rather than numbers. Such bounds, if attained, will play a crucial role in gaining a better understanding of the space of six-dimensional F-theory vacua, and ultimately the space of six-dimensional supergravity theories.
A. Addition of Sections
An elliptic curve over a field may be written in Weierstrass form:
as a hypersurface of P [2, 3, 1] , where (x, y, z) are its projective coordinates. Let us define the "zero point" of the elliptic curve to be at (x, y, z) = (1, 1, 0). Working in the affine chart z = 1, we can now define the addition "[+]" of two points p = (a, b) and P = (A, B) on an elliptic curve over a field. The symbol "[+]" is used for this algebraic addition to distinguish from addition defined in the homology ring. Note that
(A.
2)
The new point P = p[+]P = (A, B) is obtained by demanding that (A, −B) is the third intersection point of the line that goes through the two points p and P . It can easily be shown that
One could also find
is the other intersection point of the tangent line of the elliptic curve that goes through P . P ′ is given by
It can be shown that the rational points of the elliptic curve form an abelian group under the group action "[+]" -the action is commutative and associative, and the zero point is the identity element of the action. It is also clear that a[+]b is a rational point when a and b are rational points.
B. Elliptic Fibrations with Two Sections
In this appendix, we construct the Weierstrass model for elliptic fibrations with two rational sections over a field K. We begin by reviewing how to arrive at a Weierstrass model given the condition that there exists one section. We proceed to obtain the Weierstrass model when there are two sections.
Let us first review how to arrive at the Weierstrass model of an elliptic curve E over a field K with a point P , or more generally, over a ring R whose fraction field is K. 18 We start with the line bundle L = O(P ) and consider sections: H 0 (L) has a single section, denoted by z. H 0 (2L) has two sections, one of which is z 2 and the other of which is new, which we denote x. H 0 (3L) has three sections: z 3 , xz, and a new one y. H 0 (4L) has four sections: z 4 , xz 2 , yz, and x 2 . H 0 (5L) has five sections: z 5 , xz 3 , yz 2 , x 2 z, and xy. H 0 (6L) should only have six sections, but we know about seven: z 6 , xz 4 , yz 3 , x 2 z 2 , xyz, x 3 , y 2 . Thus, there must be a relation, and one argues -following Deligne [65] -that the coefficients of x 3 and y 2 must be units in the ring R and after an appropriate scaling, we get a Weierstrass equation of the form Figure 5 : Toric data for ambient spaces of some elliptic curve embeddings. These are among the 16 reflexive toric surfaces [66] (see also [67] ).
Since the variables z, x, and y have weights 1, 2, and 3, this can be regarded as a hypersurface in the weighted projective space P (1,2,3 ) , which as a toric variety is illustrated in the first row of figure 5 . The monomials which occur in equation (B.1) are indicated as a polytope contained in the monomial lattice M , and the toric divisors D x , D y , and D z are indicated as the generators of the polar polytope in the dual lattice N .
Typically the Weierstrass equation is studied in the affine chart z = 1. If the characteristic of K is not 2 or 3 (which is true in our case), we can complete the square in y and then complete the cube in x, resulting in an equation with a 1 = a 2 = a 3 = 0. Now let us consider the case with two sections. Suppose that we have an elliptic curve over a field K with two points P and Q, coming from two sections of the elliptic fibration. We assume that both points are defined over K, but do not assume that they are necessarily distinct. This time we use the line bundle M = O(P + Q) and again study sections. We first study sections and an embedding in the case of an arbitrary line bundle M of degree 2, and subsequently specialize to the case of M = O(P + Q).
Since H 0 (M ) has two sections, we let u, v be a basis of this space. Now H 0 (2M ) has four sections: u 2 , uv, v 2 , and a new one which we denote by w. The space H 0 (3M ) has six sections, all of which are known: u 3 , u 2 v, uv 2 , v 3 , uw and vw. Finally, H 0 (4M ) should have eight sections, but we know nine: u 4 , u 3 v, u 2 v 2 , uv 3 , v 4 , uvw, u 2 w, v 2 w, and w 2 . Thus, there must be an equation. It is not hard to argue that the coefficient of w 2 must be a unit (in order that the solution set be a genus one curve) and that by scaling we can set that coefficient equal to 1: Since the variables u, v, and w have weights 1, 1, and 2, we can regard this as defining a hypersurface in the weighted projective space P (1,1,2 ) , which as a toric variety is illustrated in the second row of figure 5 . Again, the monomials in (B.2) are shown, as well as the toric divisors D u , D v , and D w . We can specialize the form of the equation further if we assume that M = O(P + Q). In this case, we choose u to be a section which vanishes precisely at P and Q, and let v be an arbitrary second section which vanishes elsewhere. When we set u = 0 in (B.2), we get and so the two roots of this equation must correspond to P and Q. Since P and Q are defined over the ground field K, this equation must factor; then, shifting w by an appropriate multiple of v we can assume that one of the factors is w, i.e., that c 4 = 0. This leaves us with an equation of the form We need a double zero at u = 0, which requires c 3 = −bβ. Thus, we should take β = −c 3 /b and hence w = −bv 2 − (c 3 /b)uv + γu 2 .
(B.10)
We can omit the u 2 term since it is another solution.
More generally, we can clear denominators, and take the second element of our Weierstrass form to be x := b 2 v 2 + bw + c 3 uv . (B.11)
Next, we need sections of H 0 (3M ) vanishing three times at Q. Two of these are u 3 and u(b 2 v 2 + bw + c 3 uv), so we seek a section of the form vw = αv 3 + βuv 2 + γu 2 v omitting terms of the form uw and u 3 since they are taken care of by other sections. In this case, we substitute into the equation as follows: As in the previous case, we need α = −b to guarantee that at u = 0 we are getting Q, which leads to an equation More significant than the change in the toric variety, however, is the behavior of the discriminant locus of the Weierstrass equation. The Weierstrass equation for this family is determined by setting c 0 = 0 in (B.19) (since we have already completed the square), yieldingỹ
